I. INTRODUCTION
Research on the prediction of stress and deformation in rotating or stationary disks under different loading conditions and comprising different materials is unending because of the importance of these basic structures in various branches of engineering. Plane stress analytical solutions for rotating solid and annular disk problems in the elastic state of stress have been available for many years in standard textbooks: [16] ; [17] ; [3] ; [18] ; [15] . Solutions involving thickness variability, partially plastic stress states, and material nonhomogeneity relevant to this investigation may be found in the most recent articles by [1] , [2] , [4] , [6] , [7] , [8] , [9] , [10] , [11] , [12] , [13] , [14] , [19] , [20] , [21] , [22] .
In this work, analytical and numerical solutions are obtained for rotating variable thickness homogeneous solid and annular disks. The thickness variaton is described by
where is a parameter, the radial coordinate, and inner and outer radii of the disk and is the value of disk thickness at . Although this variation is used in FGM pressure chember studies of Chen and Lin [5] , it is new in disk studies. The variation of the disk thickness along the radial direction in case of a solid disk is presented in Fig. 1 . 
II. THEORY

A. Basic Equations
Thin disk and hence a state of plane stress is assumed. The thickness ( ) of the disk varies in the radial direction according to (1) . Dimensionless disk thickness and dimensionless and normalized variables are used in the model. angular speed, the mass density, and the yield limit. Thereafter overbars will not be used for simplicity. We now introduce a stress function of the form ( ) (7) and get from the equation of equilibrium (3) (8) Thus, the expressions for the elastic strains take the forms ( )
The strain displacement relations
and (10)
B. The Governing Equation
The governing differential equation for variable thickness disk is obtained upon substitution of (9) and (10) into the compatibility relation, (4) . The result, after some algebra is
III. ANALYTICAL AND NUMERICAL SOLUTIONS
A. Analytical Solution
The governing equation, (11) , is a second order, nonhomogeneous, linear ordinary differential equation with variable coefficients. The general solution is obtained by the power series method. The solution can be put into the form
where and are arbitrary integration constants and ( )
( ) * + (
In the case of a rotating solid disk, the stresses must be finite at the center, hence . The outer boundary is free of traction, and as a result, ( ) . Then, we find from (12) ( ) ( ) (16) It should be noted that, for a solid disk
The boundary conditions for a rotating annular disk are ( ) ( ) , which leads to
Note that for ( ) ( ) (19) and, as a result, the solution of uniform thickness homogeneous disk is verified [18] ( )
B. Numerical Solution
The governing equation is put into the form
If we let , and , then by differentiating , (
In this way, the governing equation is transformed into an initial value problem (IVP) consisting of two dependent variables. This IVP can accurately be integrated by using a state of the art ODE solver, starting with the initial conditions:
, and . Since , for both solid and annular disks and ( ) , but is not known. This unknown initial value can be determined by shooting iterations. The condition that should be satisfied is ( ) .
Hence, iterations begin with an initial estimate and continue until ( ) is satisfied.
At the iteration, the IVP described by (22) When the iterations converge, the IVP system in (22) is solved once more with the converged value in order to determine the stress and deformations. The Runge-Kutta-Fehlberg fourth-fifth order integration method is used with tight tolerances for the integration of the IVP.
The advantages of this method are the accuracy, stability, and rapid rate of convergence. With a reasonable initial estimate only a few iterations are performed to reach convergence.
IV. PRESENTATION OF RESULTS
In the following calculations . The von Mises yield criterion given by √ is used to determine the elastic limit of the disk [6] . As and are dimensionless, the elastic limit corresponds to . In all the figures solid lines belong to analytical and dots to numerical solutions.
A. Solid Disk
It is apparent from existing literature that, if the thickness of the disk gets thinner from the center to the edge, the strength of the disk increases because of the reduction of stresses. For this reason negative values of the thickness parameter are used in variable thickness calculations. For , the elastic limit angular speed has been determined earlier as . Analytical calculations are carried out for and at this limit. The nonzero integration constants are determined to be 88 and 8 8 corresponding to and , respectively. The results of these analytical calculations together with the results of the numerical solutions are put forward in Fig. 2 and Fig.  4 . Furthermore, selected numbers from the analytical solutions are presented in Table 1 .
B. Annular Disk
The elastic limit angular speed of a uniform thickness homogeneous annular disk of is . Calculations are performed at this angular speed. The integration constants are determined as , corresponding to and 8 , corresponding to . The analytical and numerical profiles are drawn in Fig. 5 and Fig. 7 . Table 2 tabulates some analytical results pertinent to these calculations. 
